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We show that if f is a mapping with constant principal strains (cps-mapping) of
a planar domain of the form D\S, where D is itself a domain and S is a closed
subset of D with linear measure 0, then f has an extension to a cps-mapping of
D\S′, where S′ ⊂ S has no accumulation points in D. The proof uses properties
of cps-mappings attributable to the nonlinear hyperbolic nature of the underlying
system of partial differential equations as well as results about their behavior in
neighborhoods of isolated singularities previously established by the author.  2001
Academic Press
0. INTRODUCTION
This paper deals with the set of singularities of planar mappings with
constant principal strains, that is, of mappings f of a planar domain U into
2 which have locally Lipschitz continuous Jacobian matrix Jf for which
the eigenvalues of JTf zJf z (the squares of the principal stretching fac-
tors of f at z) are positive constants m21 and m
2
2. Such f , to be referred to
as m1	m2-mappings, or less speciﬁcally as cps-mappings, were studied in
[4, 5]. As explained there, they constitute a signiﬁcant, tractable class which
intuition strongly suggests contains mappings manifesting extremal behav-
ior for many as yet unresolved distortion questions for the much more
1 This research was supported in part by the Fundacio´n Andes (grant no. C13413/1).
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complex class of quasi-isometries (see [9, 10]). In addition, although gov-
erned by a nonlinear hyperbolic system, cps-mappings display surprising
analogies with conformal mappings. Beyond these contexts, they acquire
further signiﬁcance when viewed as giving deformations with constant prin-
cipal strains, such as those effected by the cryptocrystalline solidiﬁcation of
a planar lamina, as discussed in [5] (see also [13]).
In this paper we are concerned with cps-mappings f on domains of the
form U = D\S, where S is a closed subset of a domain D with no interior, a
point a ∈ S being a (true) singularity of f if f cannot be extended to a cps-
mapping on any open U ′ ⊃ U ∪ 
a. For a given D the question of exactly
which S can appear as the singularity set of a cps-mapping appears to be a
very difﬁcult one, and it is probably not possible to characterize such sets in
any simple manner. Anything one can say in this direction, however, has a
straightforward interpretation in the context of cryptocrystalline solidiﬁca-
tion of ﬁlms, since if f gives the corresponding deformation, the singularity
set of the cps-mapping f−1 (which is just the image of the singularity set of
f ) is clearly to be interpreted as the set of ﬂaws in the crystallized lamina.
In this direction the results of [5] show that while the set 
ak of isolated
singularities of an otherwise regular cps-mapping on a smoothly bounded
Jordan domain can be inﬁnite, the distribution of the ak is subject to severe
restrictions. In particular these points must satisfy
∑
k
distak	 ∂D ≤ 0λ∂D	(0.1)
where λ denotes linear measure, “dist” denotes minimum distance, and 0
is a universal constant (we showed this with 0 = 3/π, but this is by no
means sharp). The purpose of this paper is to show that if the set of true
singularities has linear measure 0 then, in fact, it consists entirely of isolated
singularities. The formal statement is
Theorem 1. Let D ⊂ 2 be a domain, let S be a closed subset of D with
linear measure 0, and let f  D\S → 2 be an m1	m2-mapping. Then the
continuous extension of f to D is an m1	m2-mapping on a domain of the
form D\S′ where S′ ⊂ S has no accumulation points in D.
A few words about Hencky–Prandtl nets, the relationship between them
and cps-mappings and their behavior in neighborhoods of isolated singu-
larities will go a considerable way towards explaining why a bound such as
(0.1) must hold and how it bears on this theorem and its proof. Disregard-
ing regularity considerations, a Hencky–Prandtl net (HP-net) on a domain
D consists of two mutually orthogonal one-parameter families of curves,
k	 k = 1	 2 (the curves in k will be called k-characteristics) which cover
D and have the property that for any two ﬁxed curves C	C ′ belonging to
one of them and any simply connected subdomain D′ of D, the change in
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the inclination of the tangent is the same along all subarcs of curves of the
other family which join C to C ′ in D′. It is not very difﬁcult to show that 1
and 2 are the families of principal strain lines of some m1	m2-mapping
on a simply connected domain if and only if they form an HP-net. The
analysis given in [5] shows that, in essence, corresponding to any isolated
singularity a of an HP-net there are families k ⊂ k of k-characteristics
emanating from this point, each made up of all of the k-characteristics lying
between two extremal ones. Let 
p	 q = 
1	 2. From the deﬁning prop-
erty of HP-nets it follows that the change in the inclination of the tangent
along all q-characteristics joining the extremal p-characteristics of p is the
same, say αp. (In the simplest case of such a singularity, p consists of the
rays 
a+ reiθ  r > 0, θp ≤ θ ≤ θp + αp; in general they are made up of
curved lines but have the same “fan-like” nature.) The orthogonality of the
families of characteristics implies that (1) α1+α2 = π or 2π (depending on
the nature of the singularity). In addition, arguments involving the curva-
ture of characteristics can be used to show that (2) the subsets of D covered
by these fans are free of singularities (other than a itself) and (3) if C is an
arc which lies in the fan of p-characteristics and joins its extremal charac-
teristics, then its length must be at least αp distC	 a. The bound (0.1) is an
almost immediate consequence of these three properties of fans. Because
the existence of such fans stems ultimately from the isolated character of
the corresponding singularity, it seems plausible that if one initially assumes
only that the singularity set S is “sparse” rather than discrete, then ema-
nating from any neighborhood of each a ∈ S there will still be families of
characteristic arcs with roughly the same properties. An appropriate coun-
terpart of (0.1) would then imply that the set of true singularities can have
no accumulation points in D; that is, apart from removable singularities, S
is, in fact, discrete.
In the concluding section of this paper, where possible strengthenings of
this theorem are discussed, we indicate how, given any segment a	 b ⊂ 2
and any pair m1	m2 of distinct positive numbers, one can construct an
m1	m2-mapping of 2\a	 b which has a continuous extension f to 2,
but such that f is not a cps-mapping in any neighborhood of any point
of a	 b.
1. PRELIMINARIES
We begin this section with a summary of the notation and terminology to
be used, after which we brieﬂy discuss the basic properties of cps-mappings
and HP-nets needed in subsequent sections, detailed treatments of which,
including proofs, are to be found in [5]. The section ends (Deﬁnition 1.3
et seq.) with some considerations speciﬁc to the proof of Theorem 1.
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We treat the plane as , rather than as 2, and denote planar vectors
by complex numbers. We use the symbol λE to denote the 1-dimensional
measure (i.e., 1-dimensional Hausdorff measure) of the set E, so that in
particular λC is the length of the simple arc C. Furthermore,
NA	δ = 
z  z − z0 < δ for some z0 ∈ A
Nz0	 δ = N
z0	 δ
N ′z0	 δ = Nz0	 δ\
z0
Rz0	 δ1	 δ2 = 
z  δ1 < z − z0 < δ2
distA	B = inf
z −w  z ∈ A	w ∈ B
z1	 z2 = 
tz2 + 1− tz1  0 ≤ t ≤ 1$
Let D ⊂  be a domain and let θ be a continuous real-valued function
on D. The complete integral curves of the direction ﬁelds eiθz and ieiθz
will be called 1- and 2-characteristics of θ, respectively. As indicated in the
introduction, 
p	 q = 
1	 2. Arcs of p-characteristics will be called p-arcs,
or less speciﬁcally, characteristic arcs, and will be referred to as compact or
open according to whether or not they contain endpoints. A characteristic
arc joining points a	 b of D will be denoted by ab. (Possible ambiguity
arising from nonuniqueness of characteristics will not cause difﬁculties).
For a continuous arc C whose initial and terminal points are z0 and z1 and
a function ψ continuous on D
&ψC = ψz1 − ψz0$
A domain Q ⊂ D (or its closure) will be said to be a characteristic quadri-
lateral of θ if ∂Q is a Jordan curve which lies in D, contains four points
a	 b	 c	 d occurring in that order when ∂D is traversed (in either the posi-
tive or negative sense), and is such that ab and cd are p-arcs, and bc and
da are q-arcs. We will refer to such a Q as abcd and use the abbreviation
&2ψabcd = &ψbc − &ψad = &ψdc − &ψab$
Furthermore, the symbol Dp will denote differentiation along p-characteri-
stics in the direction ip−1eiθz. (This will only be used for Lipschitz con-
tinuous θ, in which case there is a unique p-characteristic through each
point.)
If I ⊂  is an interval and χ is a ﬁnite-valued measurable function
deﬁned a.e. on I, then an interior point a ∈ I is said to be a point of
approximate continuity of χ if for all , > 0
lim
δ→0
λ
x ∈ Na	 δ  χx − χa ≥ ,/δ = 0$
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It is well known and easily proved that almost all points of I are points
of approximate continuity of such a χ. If C is a C1 arc with arc length
parametrization z = zs	 s ∈ I and χ is a ﬁnite valued function deﬁned
a.e. (with respect to λ) on C, then, in slight extension of the above, we
say that z0 = za is a point of approximate continuity of χ if a has this
property in relation to χzs.
In all that follows m1 and m2 will be distinct positive numbers. One way
to deﬁne m1	m2-mappings would be to say that they are sense preserving
mappings f x + iy = ux	 y + ivx	 y with locally Lipschitz “complex
derivatives” fz = 12 fx − ify and fz¯ = 12 fx + ify which satisfy
fz − fz¯ = min
m1	m2 and fz + fz¯ = max
m1	m2$
It turns out, however, to be more productive to describe them in terms of
the inclinations of the principal strain lines and their images. To this end
we deﬁne
T θ =
[
cos θ sin θ
− sin θ cos θ
]
and diagm1	m2 =
[
m1 0
0 m2
]
$
Deﬁnition 1.1. A mapping f of a domain D ⊂  into  is called an
m1	m2-mapping if each point of D has a neighborhood on which there
are two Lipschitz continuous functions θ = θf 	φ = φf such that Jf z =
T −φdiagm1	m2T θ.
It is to be noted that the curves along which f alters length by a factor
of mp are precisely the p-characteristics of θf . For m1, m2 and two locally
Lipschitz continuous functions θ and φ we deﬁne
Rp = mpθ−mqφ$
Then given such θ	φ on a simply connected domain D, θ = θf and φ = φf
for some m1	m2-mapping f of D if and only if
DpRp = 0	 p = 1	 2$(1.1)
These relations, which say that the Rp are constant on p-arcs, are simply the
necessary and sufﬁcient compatibility relations for T −φdiagm1	m2T θ
to be the Jacobian of a mapping. Equations (1.1) constitute a (genuinely)
nonlinear hyperbolic system for the functions θ and φ, R1 and R2 being
the associated Riemann invariants.
In all that follows we deal with cps-mappings f on domains of the form
D\S, where D is itself a domain and S is a closed subset of D with linear
measure 0. Obviously, such f have continuous extensions to all of D. We
say that a point z0 ∈ S is a true singularity of such an f if this extension is
not a cps-mapping in any neighborhood of z0. Theorem 1 in full generality
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will follow from its truth under the following additional assumptions, which
shall henceforth be in force (and which will often be repeated for the sake
of clarity).
Additional Assumptions. D is a disk and S ⊂ D is compact and con-
sists entirely of true singularities of f , which is a cps-mapping on D′\S,
where D′ ⊃ D.
Hencky–Prandtl nets, which go back to the original papers of Prandtl
[11], Hencky [7], and Caratheodory and Schmidt [2], have been studied
principally in connection with the theories of plasticity and optimal design
(see [1, 6, 8, 12]) rather than in the present context. For the purposes at
hand it is only necessary to discuss HP-nets in simply connected domains
and to do so it is easiest to deﬁne them in terms of the function θ which
gives the inclination of the tangent to the curves belonging to one or the
other of the two families that make it up.
Deﬁnition 1.2. Let D ⊂  be a simply connected domain; then a func-
tion θ onD is an HP-function if it is locally Lipschitz continuous and satisﬁes
&2θabcd = 0, for all characteristic quadrilaterals abcd of θ contained in
D. An HP-net is the family of integral curves of an HP-function together
with that of their orthogonal trajectories.
The relationship is straightforward: If D is simply connected, then a func-
tion θ is θf for some m1	m2-mapping of D if and only if θ is an HP-function.
If f is a cps-mapping on a domain which is not simply connected, then the
corresponding functions θf and φf are in general not single-valued, the
values of different branches differing by integral multiples of π. Since we
will be considering cps-mappings in domains of the form D\S, where S is
the set of singularities of f , we will stress that a given characteristic arc or
quadrilateral lies entirely in D\S by describing it as being regular.
Virtually everything one can say about cps-mappings follows from the
manner in which the curvature of p-characteristics of an HP-function
changes as one moves along q-characteristics. Let θ be an HP-function,
and let z = zs be an arc length parametrization of a p-arc of θ. By def-
inition, θzs = arg z′s to within an integral multiple of π2 . It follows
immediately from the Lipschitz continuity of θ that
Dpθzs = ±
d arg z′s
ds
	
that is, Dpθz is the unsigned curvature κpz of the p-characteristic
through z at z. It is a relatively straightforward matter to show that if θ is
a C2 HP-function, then
DqDpθ = −1qDpθ2$(1.2)
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These equations say that the derivative of κp in the direction orthogonal
to the p-characteristic through z towards its concave side is κ2p. Equations
(1.2) carry over to general HP-functions in an appropriate weak sense: Let
Ep be the set of z ∈ D such thatDp exists. Obviously, almost all points (with
respect to arc length) of each p-characteristic belong to Ep, and almost all
points of D (with respect to two dimensional measure) belong to E1 ∩ E2.
We have the
Blow-up Property for HP-Functions. Let θ be an HP-function on D
and let Cp and Cq be the p- and q-characteristics through a ∈ D. If a ∈ Ep,
then Cq ⊂ Ep, and at all z ∈ Cq Eq. (1.2) holds when Dq is regarded as
differentiation in the direction iq−1eiθ along Cq.
Since the solution of the initial value problem y ′ = y2	 y0 = y0 is ys =
y0/1− y0s, it follows immediately from this property that if Dpθz exists
then
Dpθz ≤ 1/distz	 ∂D$(1.3)
An immediate consequence of this bound is the
Compactness Principle for cps-Mappings. Let D be a domain, let
z0 ∈ D, and let X ⊂  be compact. Then the family of m1	m2-mappings
f  D→  for which f z0 ∈ X is compact with respect in the topology of
uniform convergence of the mappings and their ﬁrst partials on compact
subsets of D.
Let Q = abcd be a characteristic quadrilateral of a continuous function
θ, as deﬁned above, with vertices occurring in the indicated order when
∂Q is traversed in the positive direction and let Cp = ab, Cq = ad have
arc length parametrizations z = zks, 0 ≤ s ≤ βk	 k = p	 q for which
zp0 = zq0 = a, and z′q0 = iz′p0. In the case that there are unique
1- and 2-characteristics through each point of D, the parametrizations of
Cp and Cq deﬁne a characteristic coordinate mapping for Q, that is, the
mapping w of 0	 βp × 0	 βq onto Q for which ws1	 s2 is the point of
intersection of the q-characteristic through zps1 and the p-characteristic
through zqs2. This mapping is evidently continuous, and Q, which is com-
pletely determined by any pair of adjacent sides, will be referred to as
QCp	Cq. The arcs Cp and Cq will be referred to as the bottom and left
sides of Q, and the sides opposite them, to be denoted by C ′p and C
′
q,
respectively, will be called its top and right sides, and for 0 ≤ s ≤ βp we
let Cqs = 
ws	 t  0 ≤ t ≤ βq. In the case that θ is an HP-function, we
deﬁne Cconvp = 
zs  κs ≤ 0 and
&+θQ = −
∫ βp
0
min0	 κsds
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where κs = d arg z′s/ds. That is, &+θQ is the total unsigned curva-
ture of the part of Cp that is convex towards the inside of Q.
Using the blow-up property for HP-functions it is a relatively straightfor-
ward matter to show in this case that
λC ′p = λCp −
∫ βp
0
λCqsκsds	(1.4)
and using this it is easy to prove the
Nondecreasing Length Property for HP-Nets. If E ⊂ Q is a sim-
ple arc which joins Cq and C ′q and A ⊂ Cconvp , then
λE ∩ ∪
Cqs  s ∈ A ≥ λA −
( ∫
A
κsds
)
distA	E$
Deﬁnition 1.3. Let C1	 $ $ $ 	 CK be disjoint compact q-arcs in D\S with
respective arc length parametrizations z = zks	 1 ≤ k ≤ K. Let C∗ be a
λ-measurable subset of C = ∪
Ck  1 ≤ k ≤ K. A family F of regular
p-arcs of f in D is said to be a p-fan emanating from C∗ if the following
hold.
(i) For each z ∈ C∗ there is an Ez ∈ F which emanates from z and
joins it in D\S to a point of ∂D.
(ii) If z = zks0 ∈ C∗k = C∗ ∩ Ck, then κ = d arg z′k/ds exists at
s = s0 and is different from 0, and the unit tangent to Ez at z is − κκ iz′ks0.
That is, Ez emanates from the convex side of Ck at z.
(iii) Ez1 ∩ Ez2 =  for z1 = z2.
The angle of F is given by
αF =
K∑
k=1
∫
C∗k
Dqθds	
and we deﬁne
PF =⋃
Ez  z ∈ C∗$
Given a p-fan of a mapping f on D\S emanating from C∗, for each
z ∈ C∗ we deﬁne singz to be the ﬁrst singularity in S encountered when
proceeding in D along the p-characteristic containing Ez away from the
concave side of the Ck containing z, provided such a singularity exists (as
will always be the case in what follows). It follows from (1.3) that singz
exists whenever Dqθz > 1distz	∂D . If singz exists for all z ∈ C∗, then
we deﬁne singF = 
singz  z ∈ C∗. It is clear from the regularity of
the constituent characteristics that for p-fans F1	 F2
singF1 ∩ singF2 =  ⇒ PF1 ∩ PF2 = $(1.5)
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Let θ = θf and φ = φf . For a given simply connected domain U ⊂ D
and ψ = θ or φ, we deﬁne ηU	ψ to be the supremum of &ψX for
all line segments X ⊂ U\S. Furthermore, we abbreviate ηNz0	 δ	 ψ by
ηz0	 δ	ψ. Obviously	 for a given z0, ηz0	 δ	ψ is nonincreasing in δ, so
that we can deﬁne
ηz0	 ψ = lim
δ→0
ηz0	 δ	ψ$
It follows directly from the results of [5] that if z0 is a true isolated singu-
larity of an HP-net, then one of the following must hold of the associated
(multivalued) HP-function θ:
(i) In some neighborhood of z0, θz = arg
z − z0 + α, for some
constant α.
(ii) There are α1	 α2 ≥ 0	 α1 + α2 = π such that if
θ0ρeiτ =


τ	 0 ≤ τ ≤ α1
α1	 α1 < τ ≤ α1 + π2
τ − π2 	 α1 + π2 < τ ≤ α1 + α2 + π2
π	 α1 + α2 + π2 < τ ≤ 2π
then for some τ0, τ1, θz0 + ρeiτ0z + τ1 → θ0z locally uniformly in
N ′0	 1 as ρ→ 0.
An immediate consequence of this is that if z0 is an isolated singularity of
a cps-mapping f , then
ηz0	 θf  = π in case (i) and ηz0	 θf  ≥
π
2
in case (ii)$(1.6)
Although we will show in Section 3 that it must in fact be empty, for
the time being we deﬁne Scont to be the set of all z0 ∈ S for which there
is a δ > 0 such that θ and φ have single-valued branches in Nz0	 δ\S
possessing continuous extensions to Nz0	 δ. We also deﬁne
Sdisc = 
z0 ∈ S  max
ηz0	 θ	 ηz0	 φ > 0$
Lemma 1.1. Let ψ = θf or φf . If U ⊂ D is simply connected and
ηU	ψ < π4 , then ψ is a single-valued continuous function in U\S.
Proof. The deﬁnition of η implies that &ψ∂R < π for any rectangle
R whose boundary lies in U\S, so that in fact &ψ∂R = 0 since &ψ∂R
must be an integral multiple of π. Because λS = 0, it then follows that
&ψC = 0 for any closed curve C ⊂ U\S, which in turn implies that ψ is
single-valued on U\S.
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This lemma implies that if z0 ∈ S\Sdisc, then there is some δ > 0 such
that Nz0	 δ ⊂ D, Nz0	 δ ∩ Sdisc = , and θ and φ are continuous and
single-valued on Nz0	 δ\S. But since ηa	ψ = 0 for all a ∈ Nz0	 δ ∩ S,
θ and φ have continuous extensions to all of Nz0	 δ; that is, z0 ∈ Scont.
Thus,
S = Scont ∪ Sdisc$
Clearly, Scont ∩ Sdisc = . In Sections 3 and 4, respectively, we shall prove
the following propositions, which, taken together, immediately imply the
truth of the theorem.
Proposition A. Scont = .
Proposition B. The set Sdisc has no accumulation points in D (and there-
fore Sdisc = Sdisc, and is discrete).
2. TWO FUNDAMENTAL LEMMAS
Lemma 2.1. Let D = Na	R. Let f be a regular cps-mapping in
Na	R′\S, where R′ > R, and let C ⊂ D\S be a compact p-arc. Let
θ = θf . Let z = zs	 0 ≤ s ≤ l be an arc length parametrization of C, and
let κs = d arg z′s/ds. Let A ⊂ C be a set of positive linear measures on
which κs ≤ 0. Assume furthermore that
no a ∈ A is joined to a b ∈ A by a q-arc
emanating from A in the direction iz′a$(2.1)
Then, given any , > 0, there is a union of disjoint compact subarcs E1	 $ $ $ 	 EL
of C such that the following hold:
(i) each Ek is the bottom side of a characteristic quadrilateral Qk ⊂
Na	R′ whose top side lies in Na	R′\Na	R,
(ii) θ is regular in each Qk,
(iii) λA\E ∪ E\A < ,, where E = ⋃k Ek.
Proof. Let ,′ > 0. Because λS = 0, there is a set A′ ⊂ A such that
λA\A′ < ,′ and such that
θ is regular in NA′	 2,1 ⊂ D for some ,1 > 0$(2.2)
(Here ,1 is some ﬁxed number, that will not change in the course of the
argument.) Let 0 < η < min
,′	 ,1/2. Then we can cover S by a ﬁnite set
of closed disks, Dn = Nqn	 rn	 1 ≤ n ≤ P , all lying in D, with
∑
n rn < η.
Furthermore, we can assume, after an obvious alteration of the covering,
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that these disks are mutually disjoint. From (2.2) it follows that after elim-
inating any superﬂuous disks they can all be assumed to be disjoint from
NA′	 ,1. Let ξ > 0 be any number less than both the minimum distance
between any of the sets D1	 $ $ $ 	DP	NA′	 ,1, ∂Na	R′, and the mini-
mum of the rn, and let D′n = Nqn	 rn + ξ/3.
For each z = zs ∈ A′ let Fz denote the maximal regular q-arc in
Na	R′\ ∪Dn emanating from z in the direction iz′s and let B denote
the set of z ∈ A′ for which Fz terminates at a point of some ∂Dn. Since
for each z ∈ B, Ez contains a point of some ∂D′n, it follows from (2.1)
and the nondecreasing length property that
λB < 2π
P∑
n=1
rn + ξ/3 < 4πη < 4π,′$
Thus λA′\B > λA − 4π,′. There is therefore a closed subset A′′ of
A′\B with λA′′ > λA− 15,′. BecauseA′′ is closed, there is a τ > 0 such
that λNA′′	 τ ∩ C < λA′′ + ,′. For each z ∈ A′′ there is a δz > 0
such that there is a characteristic quadrilateral Qz whose bottom is the
arc Nz	 δz ∩C, whose top side lies in Na	R′\Na	R, whose top and
bottom are joined by a subarc of Fz, and such that Nz	 δz ∩C lies in
the τ-neighborhood of A′′. Since A′′ is compact, there is a ﬁnite collection,
z1	 $ $ $ 	 zM of points in A′′ such that
NA′′	 τ ⊃
M⋃
k=1
Nzk	 δzk ∩ C ⊃ A′′$
From this it easily follows that there is a collection of disjoint closed arcs
E1	 $ $ $ 	 EL of C, each one contained in one of the Nzi	 δzi ∩ C, such
that if
⋃M
k=1 Ek = E, then λA′′\E < ,′ and λE\A′′ < ,′. But then
λA\E < 16,′ and λE\A < ,′, so that the desired conclusion holds if
we take ,′ = ,/17, the Qk being subquadrilaterals of the Qzi).
The following lemma is an immediate consequence of Lemma 2.1, the
nondecreasing length property, and (1.5).
Lemma 2.2. Let S ⊂ Na	R and let f be regular in Na	R′\S, where
R′ > R. For k ∈  let Fk be a p-fan emanating from a set C∗k contained in
a ﬁnite union Ck ⊂ Na	R\S of compact q-arcs. If the corresponding sets
singFk are mutually disjoint, then
2πR ≥∑
k
αFk distC∗k	 ∂Na	R$
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3. PROOF OF PROPOSITION A
In this section we are assuming that D = Ne	R, S ⊂ D is a compact
set of linear measure 0, θ is continuous on D, and θ = θf on D\S, where
f  D\S →  is an m1	m2-mapping. Furthermore, we assume, without loss
of generality, that λθD is so small that all characteristic arcs of θ in D
are virtually straight lines; it will be clear that λθD < 1/100 will do. To
establish Proposition A it is enough to show that under these conditions S
must be empty. We begin with some lemmas.
Lemma 3.1. No two points a	 b ∈ D are joined by distinct p-arcs of θ
in D.
Proof. Assume to the contrary that C1 and C2 are distinct compact p-
arcs which join a and b in D. Let D′ be a smaller concentric disk containing
C1, C2, and S. By changing one or both of a, b if necessary, we can also
assume that C1 and C2 have no other points in common. Let C be a q-
arc which joins interior points of these arcs to each other in the region
U contained between them. It follows immediately from Lemma 2.1 that
there is a (small) compact subarc E ⊂ U of C which is the q-side of a
closed characteristic quadrilateral Q ⊂ D\S, the other q-side of which lies
in D\D′. But then each of the p-arcs joining the q-sides of Q will have to
intersect C1 or C2. This, however, can be seen to imply that a or b is inside
Q, which is a contradiction since neither a nor b is a regular point.
Lemma 3.2. The Riemann invariant Rp = mpθ−mqφ is constant on all
p-arcs in D.
Proof. Let C = ab ⊂ D be a p-arc with arc length parametrization
z = zCs	 0 ≤ s ≤ l. We view the positive direction on C as rightward
and the direction iz′Cs as upward. Let Ca and Cb be q-arcs extending
upwards from a and b. Either C is the only p-arc joining b to Ca or it
is the only p-arc joining a to Cb since otherwise there would be distinct
p-arcs joining a to b, in contradiction of the preceding lemma. Assume for
deﬁniteness that the latter is true. We show that for any , > 0 there exist
a point a′ ∈ C such that a′ − a < , and a nondegenerate (that is, with
all sides of positive length) characteristic quadrilateral Q, one of whose p-
sides is a′b and which lies in NC	 ,. If there is such a quadrilateral with
a′ = a, then there is nothing to prove, so we assume that none such exists.
By considering p-characteristics through the points z → a of Ca it is easy
to see, in light of the preceding lemma, that there then must be a p-arc
C ′ beginning at a and joining it to some c ∈ Cb such that C ∩ C ′ = 
a. It
follows immediately from that lemma that for each point z of bc ⊂ Cb, if
E	E′ are compact p-arcs beginning at z and lying in the curvilinear triangle
T with sides C, C ′ and bc, then one is a subarc of the other since they both
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have extensions that end at a. Thus, for each such z other than b or c there
is a unique p-arc Ez which joins z to a point wz ∈ C ∪C ′ for which the
corresponding open arc lies in the interior of T . We claim that wz = a for
all z ∈ bc. Were this not so, then for some z0, wz0 ∈ C ∪ C ′\
a. To be
speciﬁc say wz0 = ξ ∈ C\
a (the other case being handled analogously).
Then a simple continuity argument shows that each point of aξ ⊂ C must
be a wz for some z ∈ cz0. But for a regular point ζ on aξ this would
mean that there are two p-characteristics emanating from it, C and one of
the Ez, an impossibility for a regular point. These Ez, which join z to
a, must tend to C as z → b, since otherwise we would obtain two distinct
p-arcs joining b to a in violation of Lemma 3.1. For a′ ∈ C ∩Na	 , let
Ca′ be a q-arc emanating upwards a′. The desired quadrilateral Q will have
bottom side a′b, right side bz for z sufﬁciently close b, its other sides being
subarcs of Ez and Ca′ for a′ sufﬁciently close to a.
It is clearly sufﬁcient to show for any δ > 0 and any sufﬁciently small
, > 0 that Rpb − Rpa′ < δ. Let ,1 > 0 be such that NC	 2,1 ⊂ D
and Rpz1 − Rpz2 < δ5 for all z1	 z2 ∈ NC	 2,1 with z1 − z2 < ,1.
Let , < ,1/2 and consider the corresponding Q of the preceding paragraph.
Let  denote the set of all q-arcs which join the p-sides of Q in Q. For
F ∈  we consider an arc length parametrization z = zFs, 0 ≤ s ≤ σF ,
zF0 ∈ C, and let F ′ denote the set of ζ = zFs ∈ F for which κFζ =
d arg z′Fs/ds exists. We deﬁne
FR = 
ζ ∈ F ′  κζ ≤ 0 and FL = 
ζ ∈ F ′  κζ ≥ 0$
That is, FR (FL) is the set of points at which F it has curvature 0 or
is concave to the right (left). Because of our underlying assumption that
λθD < 1/100, we have λF < ,1. If λFR > 0 (λFL > 0), then it
follows from Lemma 2.1 that there is a regular p-arc joining some point in
FR (FL) to the left (right) side of Q. It therefore follows that if for any F
both λFR and λFL are positive, then Rpb − Rpa′ < 3 δ5 < δ, since
Rp is constant on regular p-arcs. Thus we may assume that, apart from a
set of linear measure 0, each F is either FR or FL. But then either for all
F , F = FR, or for all F , F = FL, or there are E	F ∈  with initial points
ζ1	 ζ2 for which ζ1 − ζ2 < ,1 and E = ER and F = FL. In either of the
ﬁrst two cases there is a regular p-arc joining the left and right sides of Q,
so that Rpb −Rpa′ < 2 δ5 < δ. In the third case there are points on E
and F joined to the left and right sides of Q, respectively, (or vice versa)
by regular p-arcs, so that we have Rpb −Rpa′ < 5 δ5 = δ. This ﬁnishes
the proof.
Lemma 3.3. &2θQ = 0 for all closed characteristic quadrilaterals
Q ⊂ D.
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Proof. If the vertices of Q when ∂Q is traversed in the positive sense
are a	 b	 c	 d, in that order, and ab and dc are the p-sides, then
0 = Rpb − Rpa = mp&θab −mq&φab	
0 = Rpc − Rpd = mp&θdc −mq&φdc	
0 = Rqd − Rqa = mq&θad −mp&φad	
and
0 = Rqc − Rqb = mq&θbc −mp&φbc$
The ﬁrst two equations imply that &2θQ = mq/mp&2φQ and the sec-
ond two imply that &2θQ = mp/mq&2φQ. Thus &2θQ = 0, since
mp = mq.
Lemma 3.4. There is a unique p-characteristic passing through each point
of D.
Proof. If this were not true, then for some z0 ∈ D there would be two
p-arcs C1 and C2 with common initial point z0 but otherwise disjoint. Let
E be a q-arc joining points zk ∈ Ck\
z0, and let T denote the closed
curvilinear triangle with sides C1, C2, and E. Each point of E is joined to
z0 by a p-arc lying in T . From this together with the preceding lemma and
the continuity of θf it follows that for each pair of distinct points a	 b ∈ E,
&θab = 0. Thus, θ is constant on E. But then Lemma 2.1 implies that
C1 and C2 are at a positive distance from each other, a contradiction. Thus
indeed there is a single characteristic through each point of D.
Lemma 3.5. Let z0 ∈ S, and let Nz0	 δ ⊂ D. Then there is no K > 0
such that θ satisﬁes a Lipschitz condition with constant K on all compact
regular characteristic arcs of θ in Nz0	 δ.
Proof. Assume that there is, to the contrary, such a K, and let C be
any open p-arc of θ in Nz0	 12δ, and let a	 b ∈ C be regular points of
θ. Let E be a small regular q-arc emanating from C with initial point a.
Consider the closed characteristic quadrilateral Q with sides C ′ = ab and
E. By continuous dependence of characteristic arcs on their initial point in
consequence of the preceding lemma and the regularity of θ at b we can
replace E by an appropriate initial segment so that the opposite q-side is
also a regular q-arc. From the HP-property of Lemma 3.3 it cannot be that
both q-sides are everywhere concave towards the inside of Q. It then fol-
lows from Lemma 2.1 that there is a regular p-arc joining the q-sides of Q.
Since the length of E is arbitrarily small, and since we are assuming that
θ has Lipschitz constant K on regular characteristics it follows by continu-
ity that &θab ≤ Kλab. But then by continuity and the denseness of
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the set of regular points on C, it follows that θ satisﬁes a Lipschitz condi-
tion with constant K on C. But since C is any characteristic arc, it follows
that θ satisﬁes a Lipschitz condition with constant 2K in Nz0	 14δ, which
contradicts the fact that z0 is a true singularity of θ.
We now proceed with the proof of Proposition A itself. We assume that
S =  and obtain a contradiction. It follows immediately from Lemma 3.5
that there is some compact regular p-arc C with arc length parametriza-
tion z = zps	−s0 ≤ s ≤ s0 with the following properties: z0 = z0 is a
point of approximate continuity of κs = d arg z′ps/ds and κ0 = κz0 >
2/distz0	 ∂D. Since C is a compact regular p-arc, κ has a ﬁnite essential
supremum M on C.
Let η > 0 satisfy 0 < 1/κ0 − 3η <distz0	 ∂D. Because z0 is a point of
approximate continuity, there is a T η > 0 such that
1≥λ
s∈0	t  κs−κ0<η/t>1−η	 for 0<t<T η$(3.1)
Let E denote the q-arc issuing from z0 in the direction iz′p0 and join-
ing z0 to ∂D; let the standard arc length parametrization of E be given
by zqs	 0 ≤ s < λE. Obviously, λE > 1/κ0 − 3η. Fix l such that
1/κ0 − 3η < l < λE. For 0 < t < T η, let
Qt = Qzp0	 t	 zq0	 l$
By a simple continuity argument, it follows that there is a T1η < T η
such that for 0 < t < T1η the lengths of all q-arcs joining the p-sides
of Qt are strictly between 1/κ0 − 2η and 2l. For given η we henceforth
only consider t ∈ 0	 T1η. We use the characteristic coordinate mapping
w 0	 t × 0	 l → Qt discussed in Section 1. Let S′t = S ∩Qt and let δ > 0.
Since λS′ = 0, S′t can be covered by the union of the interiors of a ﬁnite
collection  of closed characteristic subquadrilaterals of Qt such that the
sum of the lengths of all of the sides of all of the quadrilaterals in  is
less than δ. Let s0 < s1 < · · · < sN be all the numbers that appear as
ﬁrst coordinates of corner points of some Q in . Let  denote the set of
k ∈ 
1	 $ $ $ 	N − 1 for which one of the Q ∈  contains wsk	 sk+1	 σ
for some σ ∈ 0	 l, and for each k ∈  let σk be the largest such σ . It is
clear that ⋃
k∈
wsk	 sk+1 × 0	 σk ⊃ S′t
and ∑
k∈
λwsk	 sk+1 × 
σk < δ$(3.2)
Relation (3.2) is a consequence of the fact that the sum of the side lengths
of the Q ∈  is less than δ.
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For each k ∈  let Nk = 
s ∈ sk	 sk+1  κs ≤ 0. Since κ ≤M on C
it follows that ∫
Nk
κsds ≤MλNk$
Since in light of (3.1), κ < 0 on a subset of C of measure at most ηt, it
therefore follows that
∑
k∈
∫
Nk
κsds ≤Mηt$(3.3)
For any σ for which f is regular on wsk	 sk+1	 σ, if Nk	σ denotes the
subset of wsk	 sk+1	 σ on which d
arg ∂ws	σ∂s /ds ≤ 0, then it follows
from (3.3) and the HP-property of Lemma 3.3 that
∑
k∈
∫
Nk	σ
∣∣∣∣ dds
{
arg
∂ws	 σ
∂s
}∣∣∣∣ds ≤Mηt$(3.4)
This of course remains true if the variable s is taken to be arc length on
wsk	 sk+1	 σ. It now follows from (1.4), (3.2), and (3.4) that∑
k∈
λwsk	 sk+1 × 
l ≤ δ+ 2Mηtl$(3.5)
Finally, we use the fact that f is regular in the set wA× 0	 l, where
A = 0	 t\ ⋃
k∈
sk	 sk+1$
Let B = 
s ∈ A  κs ≤ κ0 − η, so that λB ≤ ηt, by (3.1). From (1.4) it
then follows that
λwB × 
l ≤ ηt + 2Mηtl	(3.6)
since obviously ∫
B
min
κs	 0ds ≤Mηt$
Since κs > κ0 − η for all s ∈ A\B at which κs exists, and the length of
all q-arcs joining the p-sides of Qt is all least 1/κ0 − 2η > 1/κ0 − η, it
follows from (1.3) that λA\B = 0, so that λwA\B × 
l = 0. Thus,
from (3.6) we have
λwA× 
l ≤ ηt + 2Mηtl$
This together with (3.5) implies that
λw0	 t × 
l ≤ δ+ ηt + 4Mηtl	
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this bound holding for all t < T1η and all δ > 0. Then by (3.1) and the
HP-property of Lemma 3.3, along the top of Qt
&θ
&s
≥ t1− ηκ0 − η − tηM
ηt + 4Mηtl =
1− ηκ0 − η − ηM
η+ 4Mηl 	
which is arbitrarily large for η sufﬁciently small. This means that the point
on E at distance l from z0 is a singularity. Since l ∈ 1/κ0 − 3η	 λE =
 is arbitrary, we have found that a ﬁnal segment of E consists entirely of
singularities, which contradicts the fact that λS = 0.
4. PROOF OF PROPOSITION B
Let D = Na	R. In this section we shall assume that f is a regular
m1	m2-mapping in Na	R′\S, R′ > R, and abbreviate θ = θf , φ = φf ,
and furthermore denote max
m1/m2	m2/m1 by M .
Lemma 4.1. There exist positive numbers ,0 and  = M < 1 (which
do not depend on f ) with the following property. Let ψ = θ or φ, and let
z0 ∈ Na	R and r > 0. Let
η1 = η1z0	 r	 ψ = min
ηNz0	 r	 ψ	 ,0$
If
N
(
z0	
14Mr
η1
)
⊂ Na	R	
then there exists a set of disjoint closed regular q-arcs C1	 $ $ $ 	 CK lying in
Nz0	 14Mr/η1, and sets C∗k ⊂ Ck, 1 ≤ k ≤ K, on which
Dqθ ≥
η1
r
	
and a p-fan F emanating from C∗ = ∪Kk=1C∗k, joining it to ∂D, and whose
angle
αF =
K∑
k=1
∫
C∗k
Dqθds ≥ η1$
Proof. Let ,0 = 1/1000. (Although any sufﬁciently small number would
do, to be speciﬁc we have chosen this value for ,0.) Let
η′ = 1
3
min
ηNz0	 r	 ψ	 ,0$
For a line segment L ⊂ Nz0	 r\S, let βL	 z denote the angle in 0	 π2 
formed by L and the 1-characteristic through z ∈ L. We begin by showing
that there is a closed segment L ⊂ Nz0	 r\S with arc length parametriza-
tion z = zs, 0 ≤ s ≤ l, such that
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(i) βL	 z ∈ π4 − 7,0, π4 + 7,0, for all z ∈ L.
(ii) &ψL1 ≥ η′.
(iii) D1θz andD2θz exist a.e. on L and almost all z ∈ L are points
of approximate continuity of D1θ and D2θ on the 1- and 2-characteristics
through z, respectively.
(iv)
∫ l
0 Dqθzsds ≥ η′/3M , for q = 1 or 2.
To see that this is so we note ﬁrst that by the deﬁnition of ηNz0	 r	 ψ
there is a closed segment L1 = a	 b ⊂ Nz0	 r\S such that &ψL1 >
2η′. If ψ = φ and λθL1 > 4,0 we make ψ be θ instead of φ; otherwise
we leave ψ as is. In the former case we can replace L1 by an initial subseg-
ment so that in addition to &ψL1 > 2η′ we also have λθL1 ≤ 4,0.
Using the fact that λS = 0, it is easy to see that there is a right triangle
T with hypotenuse L1 and legs La, Lb ⊂ Nz0	 r\S, meeting L at a and b,
respectively, and such that βLa	 a ∈ π4 − ,0, π4 + ,0). Since λθL1 ≤
4,0, βLb	 b ∈ π4 − 5,0, π4 + 5,0. Since the change in ψ around ∂T
is a multiple of π, it is clear that &ψLa > η′ or &ψLb > η′. By
interchanging a and b, if necessary, we can assume that the former is the
case. We now replace L1 by La and, if necessary, perform another change
of φ for θ and initial subsegment replacement so that &ψL1 > η′,
λθL1 ≤ 2,0; in addition we have βL1	 a ∈ π4 − 5,0, π4 + 5,0. These
last two properties of L1 obviously imply that βL1	 z ∈ π4 − 7,0, π4 + 7,0
for all z ∈ L1. It is now clear that there is an L with properties (i)–(iii) in
any neighborhood of L1. Since
dψzs
ds
= ±D1ψzs cosβL	 zs ±D2ψzs sinβL	 zs	
where z = zs, 0 ≤ s ≤ l is an arc length parametrization of L,∫ l
0 Dqψzsds must be at least η′/3 for q = 1 or 2, so that (iv)
follows in light of relationship (1.1) between θ and φ.
Since l < 2r, if X is the set on which Dqθzs ≤ η′/12Mr, then∫
X Dqθzsds ≤ η′/6M , so that there is a set Y ⊂ 0	 l such that
(a) Dqθzs > η
′
12Mr , s ∈ Y ,
(b)
∫
Y Dqθzsds ≥ η
′
12M ,
(c) sign of Dqθzs is the same for all s ∈ Y , and zs is a point of
approximate continuity of Dqθ along the q-characteristic through zs.
For convenience we shall assume that L is horizontal with increasing s cor-
responding to the positive direction, the q-characteristics have inclination in
π/4− 7,0	 π/4+ 7,0 (i.e., θzs or θzs + π2 is in this interval), and
for s ∈ Y the q-characteristic through zs is concave at zs towards the
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positive x-direction (i.e., Dqθzs < −η′/12Mr, for s ∈ Y ). (The other
possibilities require only obvious changes of a purely notational nature.)
For s ∈ Y , Cs will denote the maximal regular p-arc emanating from
zs towards the convex side of the q-characteristic through zs; that is,
one of the endpoints of Cs is zs and the other is in S ∪ ∂Na	R′.
Case I. For no s ∈ Y does Cs join zs to any zs′), s′ ∈ Y .
By assumption there is an ,1 > 0 such that f is regular in NL	 ,1.
Because for all s ∈ Y , zs is a point of approximate continuity of Dqθ along
the q-characteristic through zs, simple measure theoretic considerations
together with (i) show that there is a ﬁnite set of points s1	 $ $ $ 	 sK , and for
each sk a q-arc Ck ⊂ NL	 ,1/2 emanating upwards from L such that the
following hold:
(d) If Tk denotes the closed curvilinear triangle consisting of the p-
arcs joining points of Ck to L, then the Tk are mutually disjoint.
(e) Each Ck contains a subset Ak, each of whose points is joined
by a p-arc in Tk to Y and which is such that Dqθz ≤ −η′/12Mr for all
z ∈ Ak.
(f)
∑K
k=1
∫
Ak
Dqθds ≥ η′/24M .
Since by (d) no two points of Ak are joined by a p-arc emanating upwards
from Ck, we may apply Lemma 2.1 with C = Ck and A = Ak to conclude
that the desired fan F with αF > η′/25M exists. Here  = 1/75M < 1.
Case II. For some s1 ∈ Y , Cs1 joins zs1 to some zs2), s2 ∈ Y .
Let E be the initial subarc of Cs1 with endpoints zs1, zs2. Since
Dqθzs ≥ η′/12Mr, for s ∈ Y , and the sign of Dqθz(s is constant on
Y , the blow-up property for HP-functions implies that λE ≤ 12Mr/η′, so
that E in fact lies well within the disk Nz0	 14Mr/η′. The same consider-
ations imply in light of (i) that
&θE ≥ 2π − 14,0 > 5$(4.1)
We now show that there is some λ-measurable subset A of E, with∫
A Dpθds ≥ ,2M, a positive number to be determined below, such that
no two points of A are joined by a regular q-arc in D. To do this we use
the fact that if Cp and Cq are regular p- and q-arcs which together form a
“characteristic bilateral” (that is, their union is a simple closed curve), then
&θCp + &θCq = 2π + α	(4.2)
where α = −π	 0, or π. Now, the changes in the inclination of the tangents
to f Cp and f Cq are given by mp/mq&θCp and mq/mp&θCq, so
that
mp
mq
&θCp +
mq
mp
&θCq = 2nπ + α	(4.3)
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where n ∈ .
Let a1	 a2 ∈ E be such that θa2 − θa1 > 0. Let ζ = ζs, ρ1 ≤ s ≤
ρ2 be an arc length parametrization of the arc a1a2 ⊂ E. By replacing
a1a2 by a subarc we can assume that λθa1a2 = θa2 − θa1. For
ξ ∈ θa1	 θa2, let ωξ = min
s  θζs = ξ. Since ω is increasing,
ωθa1	 θa2 is a measurable set, so thatA = ζωθa1	 θa2 is λ-
measurable. Let ξ1 < ξ2 in ωθa1	 θa2 be such that the points ωξ1
and ωξ2 are joined by a regular q-arc E′ ⊂ Na	R′. Then if τ = ξ2 − ξ1,
it follows from (4.2) and (4.3) that
mp
mq
τ + mq
mp
2π + α− τ = 2nπ + α	
that is,
τ =
2nπ + α− 2π + αmq
mp
mp
mq
− mq
mp
$(4.4)
Let τ0 = τ0M denote the minimum positive value of the right-hand side
of (4.4) for n ∈  and α = 0, ±π. Let
,2 = ,2M =
1
2
min
τ0	 ,0	
so that in view of (4.1) the above a1	 a2 ∈ E may be chosen so that θa2 −
θa1 = ,2. Then by construction no two distinct points of the correspond-
ing A are joined by a q-arc in Na	R′. Because θA = θa1	 θa2, the
Lipschitz continuity of θ implies that
∫
A
Dpθζsds ≥ ,2$
We now apply essentially the same procedure used in Case I directly to
A. Since
a1a2 ⊂ N
(
z0	
14Mr
η′
)
	
and λθa1a2 = θa2 − θa1 = ,2 < ,0, a1a2 is almost straight, so that
clearly λA ≤ 30Mr/η′. Let ζX = A. If X1 ⊂ X is the set on which
Dpθζs ≤ η′,2/90Mr, then
∫
X1
Dpθζsds ≤ ,2/3, so that there is
a set Y1 ⊂ X such that
(a′) Dpθζs > η′,2/90Mr, s ∈ Y1
(b′)
∫
Y Dpθζsds ≥ ,2/3,
(c′) sign of Dpθζs is the same for all s ∈ Y1.
620 julian gevirtz
Because of (a′) and the blow-up property, no point of ζY1 is joined to
itself by a regular q-arc in Na	R′, so that by the above no two points,
distinct or not, can be so joined. We now apply Lemma 2.1 to Y1 to obtain
the desired set of quadrilaterals with  = ,2/270M < ,2/3. (Note that in
this case we obtain a fan of q-characteristics, rather than p-characteristics,
but the difference is solely notational.)
Thus, the lemma is true with ,0 and this , since it is smaller than the
one obtained in Case I.
We now begin the proof of Proposition B itself, to establish which it
is enough to show that if η0 = max
ηz0	 θ	 ηz0	 φ > 0, then in fact
η0 ≥ π4 . Indeed, if this is so then no point of D can be a limit of a sequence
zn of distinct points for which max
ηzn	 θ	 ηzn	φ > 0, since for such
a sequence it would then follow from Lemma 4.1 that there are correspond-
ing fans Fn emanating from suitably small neighborhoods Nz0	 δn, with
δn <
1
2distzn	 ∂D, with αFn ≥ M,0 = α0, and with disjoint singFn,
so that Lemma 2.2 would imply that
2πR ≥ 1
2
∑
n
α0 distzn	 ∂D = ∞	
an obvious absurdity. We show that η0 must be at least
π
4 by assuming
that 0 < η0 <
π
4 and arriving at a contradiction. By Lemma 1.1, η0 <
π
4
implies that θ and φ are single-valued and continuous on Nz0	 R\S for
some R > 0, and henceforth we work in this neighborhood of z0. Let η2 =
min
 12η0	 ,0. We proceed in four steps.
(1) Since 0 < η0, for any r ∈ 0	 R it follows immediately from
Lemma 4.1 that there is a fan Fr emanating from some C∗r ⊂ Nz0	 r
for which αFr ≥ η2. From this together with (1.4) it follows that there
is a τ0 > 0 such that for r2 > r1 in 0	 R there are two regular character-
istic arcs z1z2, z
′
1z
′
2 ⊂ Rz0	 r1	 r2 belonging to the same family for which
zi	 z
′
i ∈ ∂Nz0	 ri	 i = 1	 2 and such that z2 − z′2 ≥ τ0r2. From this in turn
one concludes that there exist β0, ξ0 > 0 and T0 ∈ 2	 R/β0 such that
ηRz0	 2β	T0β	 θ ≥ ξ0	 for 0 < β < β0$(4.5)
(2) Next, for any positive α < 13 we let
A = Aα = 214M +
1


α
$
We claim that for any δ < ,0/A there is a ρ = ρα	 δ > 0 such that for all
positive r ≤ ρ and ψ = θ or φ
ηNz	 rδ	 ψ ≤ Aδ	 for all z ∈ Rz0	 2αr	 1− αr$(4.6)
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If this were not so for some such α	 δ, there would be a sequence 
rn
tending to 0 such that rn+1 < αrn, and for each n a zn ∈ Rz0	 2αrn	 1 −
αrn for which ηNzn	 rnδ	 ψ > Aδ. But then we have
min
ηNzn	 rnδ	 ψ	 ,0 ≥ min
Aδ	 ,0 = Aδ	
so that
σn =
rnδ
min
ηNzn	 rnδ	 ψ	 ,0
= rnδ
Aδ
= rn
A
$
Application of Lemma 4.1 produces a fan Fn emanating from a C∗n in
Nzn	 14Mrnδ/Aδ = Nzn	 14Mrn/A with αFn ≥ Aδ and
singFn ⊂ N
(
zn	 σn +
14Mrn
A
)
⊂ Rz0	 αrn	 rn	
since σn + 14Mrn/A = 1/ + 14Mrn/A = αrn/2. Because rn+1 < αrn,
these singFn are consequently disjoint. By Lemma 2.2, we therefore have
that
2πR ≥∑
n
Aδ
(
R−
(
1+ 14M
A
)
rn
)
= ∞	
an obvious contradiction.
(3) Without loss of generality we now assume, for notational conve-
nience, that z0 = 0. For each r ∈ 0	 R let frz = f rz/r, and let the
corresponding θfr z = θf rz and φfr z = φf rz be denoted by θr and
φr . Let T0 and β0 be as in (4.5). Let α < 1/T0 + 1 < 13 . We may reduce
the ρα	 δ of (2) so that ρα	 δ < β0/α. Let Rα = R0	 2α	 1 − α. It
follows from (4.6) that for r < ρα	 δ, and ψr = θr or φr ,
ηNz	 δ	 ψr ≤ Aδ	 for z ∈ Rα$(4.7)
Let 
δn be a sequence of positive numbers tending to 0. For each n let
0 < rn < ρα	 δn, and let ψn denote θrn or φrn . Then ψn is a continuous
single-valued function on Rα\Sn, where Sn = 
z/rn  z ∈ S. If Nz	 , ⊂
Rα, then it follows from (4.7) that
diam ψnNz	 ,\Sn ≤ 2,A	 for all n such that δn < ,$(4.8)
Since rn < ρα	 δn < β0/α, it follows from (4.5), with β = αrn	 that
ηR0	 2α	 T0α	 θrn ≥ ξ0	 for all n$(4.9)
Note that R0	 2α	 T0α ⊂ Rα since we have restricted ourselves to α <
1/T0 + 1. On the basis of (4.8) a straightforward extension of the Arzela–
Ascoli theorem then shows that after replacing 
rn by a suitable subse-
quence, the frn converge uniformly in Rα to a mapping fα and the corre-
sponding θrn and φrn converge locally uniformly in Rα\ ∪n Sn to functions
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θα and φα whose continuous extensions are deﬁned and locally Lipschitz
continuous (with Lipschitz constant 2A) on all of Rα.
We claim that fα is an m1	m2-mapping on Rα for which these θα and
φα are the associated θfα and φfα . To see this, let ζ ∈ Rα, ξ ∈ ; then for
all sufﬁciently small r	 r ′ > 0 the rectangle

ζ + seiξ + is′eiξ  0 ≤ s ≤ r	 0 ≤ s′ ≤ r ′ ⊂ Rα$
Denoting frn , θrn , φrn by fn, θn, φn we have
fnζ+is′eiξ+reiξ−fnζ+is′eiξ=
∫ r
0
Jfnζ+is′eiξ+seiξeiξds(4.10)
as long as the line segment joining ζ + is′eiξ to ζ + is′eiξ + reiξ consists
entirely of regular points, that is, for almost all s′ ∈ 0	 r ′. Upon integrating
(4.10) from 0 to r ′ we have
∫ r ′
0
fnζ + is′eiξ + reiξ − fnζ + is′eiξds′
=
∫ r ′
0
∫ r
0
Jfnζ + is′eiξ + seiξeiξ ds ds′
=
∫ r ′
0
∫ r
0
T −φn diagm1	m2T θneiξ ds ds′	
where T −φn and T θn, deﬁned just before Deﬁnition 1.1, are evaluated
at ζ + is′eiξ + seiξ. Upon passing to the limit as n→∞ we see that
∫ r ′
0
fαζ + is′eiξ + reiξ − fαζ + is′eiξds
=
∫ r ′
0
∫ r
0
T −φα diagm1	m2T θαeiξ ds ds′
and since θα and φα are continuous this implies that
fαζ + reiξ − fαζ =
∫ r
0
T −φα diagm1	m2T θαeiξ ds
so that Jfα = T −φα diagm1	m2T θα. This means that fα is anm1	m2-mapping on U with associated functions θα and φα, as claimed.
(4) A simple application of the compactness principle shows that
there is a sequence αn → 0 such that the corresponding fαn converge uni-
formly in N ′0	 1 to a cps-mapping g on this set, with the corresponding
θαn and φαn converging locally uniformly on N
′0	 1 to θg and φg. But it
follows from (4.9) that
ηR0	 2α	 T0α	 θg ≥ ξ0	
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which means that g has a true isolated singularity at 0. But then (1.6) says
that ηN0	 1	 θg ≥ π2 , from which it follows, upon tracing back, that
ηz0	 δ	 θf  ≥ π2 − δ for all sufﬁciently small δ > 0, so that ηz0	 θf  ≥ π4 ,
the desired contradiction.
This ﬁnishes the proof of Proposition B, so that Theorem 1 is established.
5. A COUNTEREXAMPLE AND FURTHER QUESTIONS
We begin with a simple construction which shows that there are cps-
mappings with singularity sets which make up a line segment. Let H denote
the upper half plane. Let θ = θx be any strictly decreasing C∞ function
on  = ∂H for which θ∂H ⊂ 0	 π2  and deﬁne
φx = tan−1
(
m2
m1
tan θx
)
$
It easily follows from the fact that θx is decreasing that the solution of the
ﬁrst-order hyperbolic system (1.1) has a C∞ solution in all of H; the stip-
ulated relationship between θ and φ implies that the continuous extension
to H of the corresponding m1	m2-mapping f with f 0 = 0 is a home-
omorphism of H onto itself. The compactness principle can then be used
to show that given any nonincreasing θ → 0	 π2  there is a correspond-
ing cps-homeomorphism of H onto itself whose continuous extension is a
self-homeomorphism of H. Here, of course, points at which θ′x = −∞
are singularities of f . Let θ have the constant values π2 on −∞	 0 and
0 on 1	∞ and have jumps on a countable, dense subset of 0	 1. If we
extend such an f to all of  by reﬂection (that is, if we deﬁne f z = f z),
then it is easy to see that the resulting mapping is a homeomorphism of 
onto itself and is an m1	m2-mapping of \0	 1 for which all points of
0	 1 are true singularities. Since for any a > 0 and z0 ∈  the mapping
f az + z0/a is also an m1	m2-mapping, we have the following
Theorem 2. Let D be any domain and let L ⊂ D be a compact line
segment. Then there is a cps-mapping of D\L into  having a continuous
extension to a homeomorphism of D which is not a cps-mapping in any neigh-
borhood of any point of L.
We close with a discussion of some problems directly suggested by the
contents of this paper. Since the bound (0.1) holds for Hencky–Prandtl nets
whose corresponding HP-function θ is not assumed to be θf for any cps-
mapping f , it is reasonable to ask whether Theorem 1 remains true in this
more general context. (Note that every such θ is a θf when the underly-
ing domain of regularity is simply connected, but this will most decidedly
not be so when singularities are involved.) More generally, one can ask if
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Theorem 1, as well as some of the results of [5], has analogues for the solu-
tions of sufﬁciently nonlinear 2 × 2 planar hyperbolic systems in general.
Presumably, it would not be difﬁcult to check that the proof of Theorem
1 carries over to mappings from one Riemannian 2-manifold to another
which have distinct and sufﬁciently regular principal stretch functions (see
[3] for a discussion of cps-mappings in this context), but the derivation of
minimal regularity conditions for these functions might be a tricky matter.
Closer in line with the interpretation of singularities of cps-mappings as cor-
responding to ﬂaws in cryptocrystalline laminae is the problem of ﬁnding
conditions on closed X ⊂ D such that (a) X has an empty interior and (b)
D\X is connected, which imply that there is an m1	m2-mapping on D\X
which cannot be extended as such to any larger subset of D. The nonlin-
ear character of the underlying equations most likely precludes a complete
characterization of such X even for the nicest domains D, but it still might
be possible to derive some interesting results in this direction. In particu-
lar, it seems reasonable to conjecture that the linear measure 0 hypothesis
in Theorem 1 can be replaced by the substantially milder assumption that
X satisﬁes (a) and (b) and is totally disconnected (i.e., Nz0	 δ ∩X is not
connected for any z0	 δ) without invalidating the conclusion.
Also of interest are the possible consequences for boundary behavior
of the existence of fans. We showed in [5] that for smoothly bounded D
the nontangential limits of an HP-function θ on D\S, where S consists of
isolated points, exist almost everywhere on ∂D. The proof was not based
on fans, and one wonders if appropriate extensions of the considerations
of Section 4 might actually imply that the set 
z ∈ ∂D  ηz0	 θ > 0 is
countable.
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